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ABSTRACT 
We present the complete asymptotic expansion for the operators I+(f(t); x) of Bleimann, Butzer 
and Hahn as n + 00. All coefficients of n-k (k = 1,2,. .) are calculated explicitly in terms of 
Stirling numbers of the first and second kind. 
1. INTRODUCTION 
In 1980 Bleimann, Butzer and Hahn [3] introduced a sequence of linear pos- 
itive operators Ln defined on the space C[O, oo) of continuous functions f on 
the interval [0, 00) by 
i 
(Lf)(x) - L(f(f); 4 
(1) =(l+x)-“kgo (;)f(n_;+l)xk (-V- 
They proved that for f E C[O, oo), L, f -+ f as n + 00 pointwise on [0, CCI), the 
convergence being uniform on each compact subset of [0, OEI). 
Their method is to check whether the convergence assertion holds for the 
three test functions e r : x + x' (r = 0, 1,2) and then to apply the well known 
theorem of Bohmann-Korovkin. 
In the case I = 0,l the moments for the operators L,, are determined in [3] to 
be L,eo = eo and (L,el)(x) =x-x(x/(1 +x))” (n E N). In the case I = 2 
lengthy calculations in [3] yield a rather complicate expression for the second 
moment L,,e2 and an estimate for /(L,ez)(x) - x21. 
Furthermore, Bleimann, Butzer and Hahn found a rate of convergence by 
estimating ILn( f(t); x) -f( x )I in t erms of the second modulus of continuity of 
f, where f is assumed to be bounded and uniformly continuous on [0, m). 
The operator L, has the virtue of being a finite sum which arises in a natural 
way and not as a truncation process of an operator defined by means of an in- 
finite sum. Several authors ([4,7,9]) studied the operators L, in the following. 
Recently, Mercer [9] succeeded to derive the Voronowskaja-type theorem 
(2) &J-)(X) =f(x) + ;;n;“ll’ f”(X) + W’) (n + ml 
for all f E C2[0, co) with f(x) = O(x) ( x + m). His proof is based on the ob- 
servation that the operators L, are intimately related to the Bernstein operators 
B,. For, by the rational transformation y = x/(1 + x), the operator (LJ)(x) 
becomes 
with F(Y) =f(yl(l -VI), i.e. the ordinary Bernstein operator B,, with slightly 
modified nodes. 
The purpose of this paper is to extend Mercer’s result by giving the complete 
asymptotic expansion for the operators of Bleimann, Butzer and Hahn in the 
form 
(3) &f)(x) -f(x) + kc, Ck(f;X)(n + l)-k (n -+ o”) 
for every function f on [0, m) satisfying a certain boundness condition 
(equation (7)) as x --t 00 and possessing all derivatives in x. 
Formula (3) means that 
&f)(x) =f(x) + g Ck(f;X)(n + 1)-k + O(n+) (n + 00) 
k=l 
for all m E N. Mercer’s result (2) is the special case m = 1. 
All coefficients Ck( f; x) (k = 1,2, . . .) are calculated explicitly in terms of 
Stirling numbers of the first and second kind. 
We remark that in [I, 2] the author gave the analogous result for the opera- 
tors of Meyer-Konig and Zeller. 
2. PRELIMINARIES 
In this section we take the Bernstein polynomials B, as starting point for the 
study of L,,. 
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For a function g defined on the closed interval [O, l] let 
(M)(Y) = vgoP4dYk( ;) 
with PRY) = (“,)~“(l -Y) (‘-V) (V = 0, 1, . . . , n; n E N) the associated Bern- 
stein polynomial of order n. It is well known (see, e.g., [8, p. 22]), that for all g 
bounded on [0, l] and possessing a derivative of order 2m at Y E [0, l] we have 
the asymptotic expansion 
(4) (&g)(Y) = g(Y) + !!$* $ T&Y)g’e’(Y> + G-? (m E W 
as n -+ 00, where T,,[ is given by 
Note that, in particular, T,, I( y) = 0. Moreover, T,,e is known to be a poly- 
nomial in n of degree [e/2] (see [8, Theorem 1.5.1, p. 141). 
Remark 1. An examination of the proof shows that relation (4) holds uni- 
formly for y E [0, l] if g E C2”[0, 11. 
Our first aim is to give T,,e in terms of Stirling numbers (cf. [ll, p. 1091). 
Recall that the Stirling numbers S/ and CJ/ of the first resp. second kind are 
defined by 
where x(i) = x(x - 1) . . . (x -j + 1) is the falling factorial. 
Lemma 1. We have 
G,e(Y) = IfI .e-k 
k=[(e+1)/2] 
Proof. It is well known that 
B,(t’;y) = 2 nj-rAjcr!yj, 
j=O 
where 
x0 = 1 and Xi= (l-~)---(1-J$) forjEN 
(see, e.g., [6]). Using Xi = n-j,(j) = C’,=, Sjknk-j we receive 
B,,(t’; y) = i: d-r 6 S+u;yj, 
k=O j=k 
Applying the binomial formula yields 
and Lemma 1 follows, because 
T,,~Y) = n’&((f -Y)?Y) 
and T,,! is a polynomial in n of degree [e/2]. Cl 
3. THE ASYMPTOTIC EXPANSION FOR L,, 
Following Mercer [9] we now use (4) to derive the corresponding result for 
the operator of Bleimann, Butzer and Hahn. For convenience, let in this section 
0 5 y < 1. Then taking the last term in the sum for (&g)(y) in (4), namely 
g( 1) y”, to the right hand side we get 
(5) =g(Y)+e$2 $ Tn,P(y)g(e)(y)+o(n-m) (n+oo). 
Note that equation (5) holds uniformly in [0, 1 - 61 for each 6 E (0,l) if g E 
C2”[0, 11. 
Let x 2 0 and put 
(6) and f(x) = (1 + x)F(x). 
Note that, by (6), g is bounded on [0, 1) iff 
(7) If(X)I 5 KC1 + x) (x E [OY m>> 
for some constant K > 0 independent on x. 
Replacing n by n + 1 equation (5) can be written as 
d(n + 1) n+l ’ F(l-(u/(n+l)) v u=o >( > 
= F(x) + C 2m (n+l,l)-p Tn+l,e(y)gce)(y) +o(npm) (n -+ oo) 
e=2 ’ 
so that 
= (1 +x)F(x) + (1 +x) E @+jtL- Tn+l,e(y)de)(y) 
e=2 . 
+ o(nP) (n 4 co). 
Hence 
+ O(n-m) (n + co). 
Inserting the expression for T n + ~,e given by Lemma 1 in equation (8) we receive 
&f)(x) =.0x) + (1 + $F2 ; P(Y) kz[(gl),21 
+ o(n+y (n 4 co), 
which leads to the asymptotic expansion 
(9) &f)(x) =f(x) + k$ (n + l)-kCk(f;X) + +-? (n -+ m), 
where 
(10) 
ck(f;x) = (1 +x> 
In order to get a satisfactory result with respect to equation (9) resp. equa- 
tion (3) it is necessary to express g@)(y) explicitly in terms off (j)(x). 
One verifies that g(v) = (1 - y)f(y/(l -Y)), g’(y) = -f(vl(l -Y)) + 
(1 - Y)-‘f’W(l - Y)) and g”(v) = (1 - ~)-~f”(~/(l - v)). 
Lemma 2. Let 0 5 y < 1 and g( y) = (1 - v)f( y/( 1 - y)). Then the derivatives 
of g are given by 
g(e)(y) = 6 A(j,j) f(W(l - y)) 
(1 _ y)e+j- * 
(e = 0, 1,2,. . .), 
j=O 
where the coeficients A(& j) are deJined by 
A(O,O) = 1, A(l,O) = -1, A(l,l) = 1 and 
A(C,O) = A(e, 1) = 0, 
e! e-2 
4w =jl j_2 
.( 1 
(j = 2,. . . ,e; e = 2,3,. . .). 
Proof. The proof which can be done by induction to e is omitted. q 
In particular, Lemma 2 states 
g”‘(y)=j~2~(iI:)f(j)(x)(l+~)‘ii-1 (e=2,3,...,). 
Therefore we get with regard to equation (10) 
I-j 





&$j,k) (;I:) $k (:)(-‘)‘-’ 
(_l)e-j-i(l + ,)i+j 
min{k,i} i 
x (-l)!_’ c 
j=O ( > i-j 
Combining this with (9) and (11) leads to the main result presented in the next 
section. 
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4. THE MAIN RESULT 
Let B* [0, CXI) be the space of all functions f defined on [0, 00) with property 
(7), i.e. 
(12) If(x)1 I K(l +x) (x E [O,m)) 
for some constant K > 0 independent on x. 
Theorem 1. Let f E B*[O, CXI), let x > 0 and suppose f (2”)(x) exists. Then the 
operators of Bleimann, Butzer and Hahn satisfy the asymptotic relation 
(13) (Lf )(x) =f (x) + kc, ck(f ;x)(n + 1)-k + o(n+) (n -+ 00)~ 
where the coeficients Ck( f; x) are given by 
(14) Ck(f;X) = c 2k $@ (1 +x)jlgO V(k,j,i)(l +x)’ 
j=2 
with 
V(k,j, i) = (-1) i 
t=m$i,j,k) (4I’2) $k (I) 
min{k, i} 
x (-1)’ c 
j=O 
Zf, in addition, f E C2”‘[0,00) then the convergence in (13) is untform in any 
compact subset of [0, oo). 
Corollary. Let f E B * [0, co), let x 2 0 and suppose all derivatives off in x exist. 
Then the operators L,, have the complete asymptotic expansion 
(&f)(X) -‘f(x) +kg, Ck(f;x)(n+ 1)-k (n + O”), 
where the coeficients Ck( f; x) are given by equation (14) and equation (15). 
Remark 2. It can be shown that 
V(k,j,i)=O (i=k+l,..., 2k;kEN; j>2). 
We give the following explicit formulae for the coefficients ck( f; x): 
Cl(fiX) = 
x(1 ; Xl2 f ‘2’(q, 
c2(f;x) = X(l2;X)2 {12(2x+ 1)f ‘2’(x) -4(1 +x)(5x+ 1)f ‘3’(x) 
+ 3x( 1 + x)2f C4’(x)}, 
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c3(f;x) = x(14+8x’2 {24(6x* + 6x + l)f”‘(x) 
- 16(1 +x)(16x2 + 11x+ l)f’3’(~) 
+ 2(1+ x)*(61x2 + 26x + l)f’“‘(x) 
- 4x(1 + x)3(5x + l)f’5’(X) 
+ x2(1 + x)4f(6)(x)}, 
c4(f;x) = x’;7,;‘2 {2880(24x3 + 36x2 + 14x + l)f’*‘(x) 
- 960(1 + x)(202x3 + 233x2 + 67x + 3)ft3)(x) 
+ 720(1+ x)*(224x3 + 201x* + 39x + l)fc4’(x) 
- 48(1 + ~)~(1149x~ + 741x2 + 89x + l)f@‘(x) 
+ 40x(1 + ~)~(215x* + 89x + 5)f@)(x) 
- 120x2(1 + x)5(5x + l)f’7’(X) 
+ 15x3(1 +x)6f@)(x)}. 
Remark 3. Using some recent results concerning Stirling numbers due to Reif 
[lo] one can derive some general facts about the ck( f; x). 
We mention that in ck( f; x) the factor off(2k)(x) is xk( 1 + ~)*~/(2~ . k!) and 
the factor of f(2k-1)(x) is -k(k - l)xk-‘(1 + x)*~-‘(~x + 1)/(3 . 2k-1k!) for 
all k E N. 
ACKNOWLEDGEMENT 
The author is indebted to the referee, who pointed out that the method of 
Mercer [9] can be extended to derive the complete asymptotic expansion for L,. 
Originally, the author used another approach to the matter which was in- 
dependent on the Bernstein polynomials. The suggestion of the referee led to a 
condensed manuscript without numerous auxiliary lemmas. 
REFERENCES 
1. Abel, U. - The moments for the Meyer-Konig and Zeller operators. J. Approx. Theory 82, 
352-361 (1995). 
2. Abel, U. - The complete asymptotic expansion for the Meyer-K&rig and Zeller operators. 
Submitted. 
3. Bleimann, G., P.L. Butzer and L. Hahn - A Bernstein-type operator approximating continuous 
functions on the semi-axis. Indag. Math. 42,255-262 (1980). 
4. Cal, J. de la and F. Luquin - A note on limiting properties of some Bernstein-type operators. J. 
Approx. Theory 68,322-329 (1992). 
5. Jordan, C. - Calculus of finite differences. Chelsea, New York (1965). 
6. Kelisky, R.P. and T.J. Rivlin - Iterates of Bernstein polynomials. Pacific J. Math., 511-520 
(1967). 
7. Khan, R.A. - A note on a Bernstein-type operator of Bleimann, Butzer and Hahn. J. Approx. 
Theory 53,295-303 (1988). 
8. Lorentz, G.G. - Bernstein polynomials. University of Toronto Press, Toronto (1953). 
9. Mercer, A.Mcd. - A Bernstein-type operator approximating continuous functions on the half- 
line. Bull. Calcutta Math. Sot. 31, 133-137 (1989). 
10. Reif, B. - Asymptotische Approximation durch die Operatoren von Meyer-Kiinig und Zeller. 
Diplomarbeit, Fachhochschule Giessen-Friedberg (1994). 
11. Riordan, J. - Moment recurrence relations for binomial, Poisson and hypergeometric fre- 
quency distributions. Annals of Math. Statistics 8, 103-111 (1937). 
